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1 Introduction and main results 

The semimartingale theory has produced a fundamental tool based on stochastic in- 
tegration and Ito's formula: the stochastic calculus. Since Markov processes are not 
in general semimartingales, Pukushima [6] developed another stochastic calculus in the 
framework of symmetric Dirichlet spaces. For a symmetric Markov process X with a 
regular Dirichlet form S, and for any element u of the domain T oi £, the process 
{u{Xt) — u{Xo),t > 0) admits the decomposition 

u{Xt) - u{Xo) = + 

where Af" is a martingale additive functional of finite energy and is a continuous 
additive functional of zero energy. This decomposition is called Fukushima's decompo- 
sition and it can be seen as a substitute of the Doob-Meyer decomposition of super- 
martingales and Ito's formula for semimartingales. The part of the class of bounded 
variation processes in the semimartingale theory is played by the class of continuous ad- 
ditive functionals of zero energy. In general these additive functionals are not of bounded 
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variation and therefore the Lebesgue-Stieltjes integrals can not be defined. Neverthe- 
less, Nakao [16] introduced a stochastic integral J^^ f{Xs)dNs for / bounded function 
element of J- and element of the following class of continuous additive functionals of 
zero energy: 

A/; = {iV" - J^u{Xs)ds : n G 7"}. 

In his Ito formula expending u{X) [16], this integral replaces the Lebesgue-Stieltjes inte- 
gral in the Ito formula for semimartingales. Besides, this integral is used by Fitzsimmons 
and Kuwae [5], to study the lower order perturbation of diffusion processes. 
The conditions of existence of Nakao's integral being too restrictive, this notion could not 
be used by Chen et al. [3] to study the lower order perturbation of symmetric Markov 
processes that are not diffusions. Chen et al. [2], have extended Nakao's integral to a 
larger class of integrators as well as integrands. Using time reversal they have defined 
an integral f{Xs)dCs for / in J^ioc, the set of functions locally in and C in a 
large class of processes containing J\fc. The process C is not in general of zero energy 
but of zero quadratic variation and the integral is not an additive functional or a local 
additive functional but a local additive functional admitting null set. Kuwae [13] gives 
a refinement of Chen et al. work, redefining the stochastic integral without using time 
reversal. 

Our aim in this paper, is to construct an integral f{Xs)dCs for a Markov process 
X associated to a non necessarily symmetric regular Dirichlet form {£,J-) in a Hilbert 
space L'^{E,m), f locally in T and C local continuous additive functional with zero 
quadratic variation. To do so, one can not extend the construction of Chen et al. 
neither Kuwae's construction because they both heavily rely on the symmetry of the 
Markov process. 

On one hand, it is legitimate to solve this question since many results for symmetric 
Dirichlet forms hold for non-symmetric Dirichlet forms, see e.g., [lOj . |llj . |12j . [15j and 
|17j . In particular, Pukushima's decomposition holds for non-symmetric regular Dirich- 
let forms, but also the correspondence between Markov processes and (non-necessarily 
symmetric) Dirichlet forms, Revuz correspondence and other relations between proba- 
bilistic notions for a Markov process X and analytic notions for £. 

In order to introduce our first result, we need the following definitions: A sequence 
(n„ := {0 = tn,o < in,i < ••• < tp„,n < oo})n£N of partitions of R+ is said to tend to 
the identity if ||n„|| := max{t„^fc+i — tn^k} — )• as n — >■ cxd and tp„,n — >■ oo. We denote 
by J\f the set of continuous additive functionals of finite energy and of zero quadratic 
variation. Denote by Nf-ioc the set of process locally in N . (See definitions 12.41 and 12.51 
below.) 

Theorem 1.1. For a function f locally in J- and an element C of Aff-ioc, there exists 
an unique local additive functional I such that: 

For any sequence (n„) of partitions tending to the identity, there exists a subsequence 

(n„J such that Prc-a.e. form-a.e. x in E: Y^jl^ /(Xj^^ J[C(t At„^,i+i) -C(t Atnfe,i)] 
converges to It uniformly on any compact of [0, C)- Moreover I belongs to Mj-ioc- 

The local additive functional obtained in the Theorem below is denoted by / * or by 
Jq f{Xs)dCs- Then when C is of bounded variation, f *C coincides with the Lebesgue- 
Stieltjes integral. The interest of constructing such an integral is that it leads to an Ito 
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formula for u{X) when u belongs to Tioc- On this purpose, we need first an extension of 
the Fukushima decomposition of u{X) for the elements u locally in T. This extension 
is well known for diffusions processes. 

When X is not a diffusion we have the following substitute of the Fukushima decompo- 
sition: Denote by f-ioc the set of local martingale additive functionals locally of finite 
energy. 

Proposition 1.2. For u in J-ioc, the process u{X) admits the following decomposition 
Px'-a.e for q.e x ^ E: 

u{Xt) = u{Xq) + Vl" + + Cf , t <C (t <oo if ueT) 

where € f-ioc, ■N'cj-loc o^nd is the AF of bounded variation given by: 

= " ^(^^-))1{|«(X«)-«(X._)|>1} - ^i(^C-)l{i>C}- 

s<t 

Moreover, the jumps of are bounded by 1 . 

In this paper, following the usual notation, q.e. stands for quasi everywhere, that is, 
except in a exceptional set. In particular, if E = 'R'^ and we take u the coordinate 
function tTj : x — >■ x^, i = 1, d, the above result can be seen as a generalization of the 
Ito-Levy decomposition for Levy processes, (e.g. Sato [19] ) 

Using the notation of Proposition 11.21 we introduce the following extension of the Ito 
formula. 



Theorem 1.3. Suppose that ^ belongs to C^(M'^) and u = (ni,...,iid) belongs to J~f^^. 
Then for q.e x e E, P^-a.s for all t € [0, C) (lO, oo) if u e T'^): 



1=1-'" — i=i 



2 7o dxidxj 



(u(x,))d(Ir""^Iy"^■' 



+ Y,['^HXs))-Hu{Xs^) 



- 77-(^(^s-))Ani(X,)l||AK(x.))|<i} 



Ea^K^c-))^(^c-)io>c}- 



In the case that E = M'^, if we take u = (vri, . . . ,7rd), we obtain a Ito formula for 
the process X and therefore the Fukushima decomposition of ^{X) for $ € Cg(M'^). 
Following Albeverio et al. [1], the Dirichlet form for <I> and ^ in T can be 

approximate by j Ex{^{Xq) — ^{Xt))"^ {x)m{dx) , then we hope that the Ito formula 
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can be used, for example, in order to give a probabilistic approach to the work of Hu 
et al. [3 et concerning Beurling-Deny decomposition for non-symmetric Dirichlet 
forms. 

The paper is organized as follows. In Section [2l we present some preliminaries. In 
Section [31 we construct a stochastic integration with respect to A^". To do so we first 
establish a decomposition of as the sum of three processes A^", N2 and such that 
and N2 are respectively associated to the diffusion part and the jumping part of 
the symmetric part of £, and A'^^ is of bounded variations. Next we present respectively 
stochastic integration with respect to and iVg . These results lead to an integral with 
respect to iV" which is used with an argument of localization to introduce the stochastic 
integral with respect to C in Mcj-ioc- In section d] we prove Theorem 11.11 that is, the 
stochastic integral with respect to C can be approximated by Riemman sums. We also 
show that when the Dirichlet form is symmetric, the obtained stochastic integral with 
respect to C coincides with the integral defined by Chen et al [2j. In section [5] we 
establish Proposition II .21 and the Ito formula in which this new integral takes the place 
of the Lebesgue-Stieltjes integral in the classical Ito formula for semimartingales. 



2 Preliminaries 

In this paper we use mostly notation and vocabulary from the book of Fukushima et al. 
[7] still available in the non necessarily symmetric case (See Ma and Rockner [E]). This 
section contains existing results or some immediate consequences of existing results that 
will be useful for the other sections. 

Throughout this paper, we assume that X = (^7, {Ft}t>Q-, {^t}t>0; {PzI^g-e) is a Hunt 
process on a locally compact separable metric space properly associated to a regular 
Dirichlet form 8 with domain in a Hilbert space L^{E-m). We do not assume that 
£ is symmetric. Set £i{u,v) := 8{u,v) + (n, u), where (.,.) denotes the inner product 
in L?'{E,m). It is known that J-" is a Hilbert space with inner product £i{u,v) := 
^{£i{u, v) + £i{v, u)). Denote by C the life time of X and A the extra point such that 
Xt{u}) = A for all t > C(^) and to £ Q. A real function on E is extended to a function 
on E U A by setting /(A) = 0. 

The energy of an AF (additive functional) A is defined by 

e(^):=ltolE„[^?] 

when the limit exists and for two AF A,B, their mutual energy is defined by 

eiA,B) :=^[e{A + B)-eiA)-e{B)] 

An AF M is called a martingale additive functional (abbreviated as MAF) if it is finite, 
cadlag and for q.e x in E: FixlM^] < 00 and E2,[Mt] = for any t > 0. Denote by M 
the set of MAF's of finite energy and 

A^ is a finite continuous AF, e{A) = 0, \ 
Ex{\Nt\) < 00 q.e for each i > J ' 
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For any u € J^, and A^" denote the elements of and J\fc respectively, that are 
present in Fukushima decomposition of u{Xt) — u{XQ),t > 0, i.e.: 

u{Xt) - u{Xo) = + for t > 0, P^-a.e for q.e x e E. 

In this paper we always assume that the elements of J- are always represented by its 
quasi-continuous m- versions. 

For a nearly Borel set B{c E), ctb and tb represent the first hitting time to B and the 
first exit time from B respectively, i.e: 

as ■■= inf{t >0:XteB} 
TB ■■= inf{t >0:Xt^B}. 

We denote by J-f, the subset of J-" of bounded functions and for a nearly Borel finely 
open set, the set of functions u G J- such that u{x) = for q.e. x € E \ G. 
The subset of J-q of bounded functions is denoted by J-^b.G ■ The abbreviations CAF 
and PCAF stand for continuous additive functionals and positive continuous additive 
functional respectively. The Revuz measure of a PCAF is the measure given by the 
Revuz correspondence between PCAFs and smooth measures. All these definitions are 
found in |7]. 

The following Theorem is a small modification of Theorem 5.4.2 of [7] established for 
the symmetric case, but it holds also for the non-symmetric case. (See |21j). 

Theorem 2.1. Let u be an element of T and let G be a nearly Borel finely open set. 
Let and be two PCAFs with Revuz measure fj,i and ^2 respectively such that 
Tb,G C L\E, Hi) for 1 = 1,2. Then P,(Ar," = Aj - A^ for t < tg) = 1 for q.e x e E, if 
and only if: 

E{u, h) =< fi2 - /ii, h>, V/i € Jft^G- 

Definition 2.2. We define Af^ as the set of CAFs C such that, there exists u in T 
and finite PCAFs A^,A? with Revuz measure fxi and H2 respectively satisfying: Fb C 
L^{E,fii) and PxiCt = + Af — Aj for t < 00) = 1 for q.e x G E In this case, we 
define the linear functional Q{C) on Tb by 

< @{C), h >:= -£{u, h)+ < 1^12 - fii,h >, h G Th. 

It follows from Theorem O that the definition of Q{C) for C G is consistent in the 
sense that it does not depend of the elements which represent C . 
The following Lemma is an immediate consequence of Theorem I2.lt 

Lemma 2.3. Let C^'^^ and C^^^ be elements of and G a nearly Borel finely open 
set. Then C^^^ = C^^^ on [0, ct^j^gII Pz-^-e for q.e x G E if and only if 

< e(CW), h >=< e(C(2)), h > for all h € Tb,G- 

We recall that an increasing sequence of nearly Borel finely open sets {Gn)n£n is called 
a nest if rG„ t C Px-a-s. for q.e. x G E. 
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Definition 2.4. LetT be a class of local AF's. Following f^, we say that a {Tt)-adapted 
process A is locally in T, and write: A € T f-ioc, if there exists a sequence A" in T and 
a nest of nearly Borel finey open sets {G„} such that At = A" for t < tq^ Pa.-a.e. for 
q.e. X € E. In this case A is hence a local AF. (See page 939 for the definition of 
local AF) 

Definition 2.5. A local AF V is said to he of zero quadratic variation if for any t > 0; 
Ylk=o(^t{i+i)/n ~ '^ti/nf' convcrgcs to zero as n ^ oo in Pg.m measure on {t < (} for 
some (and therefore for all) strictly positive g G L^{E,m). 

We denote by M the set of CAFs of finite energy and of zero quadratic variation. In 
|21j we have estabhshed the following Theorem of representation for the elements of M 

Theorem 2.6. Let C he an element of Nj-ioc- There exists a nest of nearly Borel finely 
open sets (Gn) and (un) £ such that Px-a-c. for q.e. x € E: 

Ct = N^" - f Un{Xs)ds for all t < tg„. 
Jo 

3 Stochastic integration 

Consider an element u of J- and two finite smooth measure /ii and /i2 such that 
£{u,h) =< fii — /i2,/i > for any element h of J-'b. Thanks to Theorem 12. 1^ we know 
that A^" is of bounded variation. The integral (/ * N^)t '■= /g /(As)dA']' is hence well 
defined as a Lebesgue-Stieltjes integral, moreover, if / belongs to J^b, f * -A" belongs to 
A/"^ (see Definition 12. 2p and for any h in Tb we have: 

< e(/* A"),/i >=< e(A"),//i > . (3.1) 

Thanks to Lemma [2.31 the above equation characterizes the local CAF /* A". In order 
to define the integral of / with respect to a process A" which is not necessarily of 
bounded variation, it is hence natural to construct a local CAF still denoted by / * A" 
satisfying the equation (j3.ip . This has been done by Nakao [16] for the symmetric case 
and the aim of this section is to do it for the non-necessarily symmetric case. 
The construction of / * A^" is based on a decomposition of A" in three components (see 
Lemma 13.31 below). The first component is associated to the diffusion part of £, the 
symmetric component of £. The second one is associated to the jump part of £ and 
the third one is a local CAF of bounded variation. Once this decomposition done, the 
construction of / * A^'* will be close to Nakao's construction in the symmetric case. 
Thanks to a localization argument and Theorem 12.61 we will construct the integral f *C 
for any / € Tioc and A G Mf-ioc- We always consider F to be equipped with the norm 
£i. We will use repeatedly the following facts: 

(1) If a PCAF A with Revuz measure satisfies ^i{E) < oo then A is finite continuous. 
Indeed, it is consequence of Lemma 4.3 of [10]. This is the case when A = {M) for 
M eM. 

(2) If ^ is a PCAF A with Revuz measure of finite energy integral (that is, there 
exists Uifi in T such that h{x)ij,{dx) = £i{Uiii,h) for all h ^ F) then A is finite 
continuous. In fact, for any t, E^(^t) < e^Uifi{x) < oo q.e. 
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(3) For two CAF, A,B and a nearly Borel set G we have for q.e. x £ E, Px{A = 
B on [0, tgD = 1 if and only if for q.e. x^E, Y>^[A = B on [0, aE\Gl) = 1- 

(4) If J : J-" —7- M is a continuous linear functional, there exists a unique w £ J- such 
that J{h) = £i{w,h) for any h £ F. (See Theorem 1.2.6. in [IS]). 

3.1 A decomposition of A^" 

We denote by £ the symmetric part of £ and denote by £^'^'^ and £^^'^ the diffusion part 
and the jumping part of £ respectively in the Beurling-Deny decomposition of £. (See 
section 5.3 in [7j.) For u in J^, the applications h — > £^^\u,h) and h — )■ £^^\u,h) are 
continuous. This leads to the following lemma. 

Lemma 3.1. For u in T , there exists unique elements w and v of F such that 
£i {w,h) = £^^^ {u, h) and £i {v,h) = £^^^ {u, h) for any h £ F . 

Definition 3.2. For any u £ T, set: ^iVj" := - jQw{Xs)ds and ^ := N'^ - 
jl^v{Xs)ds where w and v are the elements of F given by Lemma \3.1\ . 

It is clear that '^iV" and •'iV" belongs to and 

<G(^iV"),/i> = -^(^)(n,/i) and (3.2) 
< G(-'iV"), /i > = -^(^^(n, h) for all h € Fb- 

For u in J-", the application h — )■ £i{u, h) is continuous. Hence there exists a unique u* 
in J- such that 

£i{u,h) = £i{u\h),h£F. (3.3) 

Moreover we have: 

£i{u\u*) <K'^£i{u,u) (3.4) 
where is a continuity constant of £, which means that £ satisfies the sector condition: 

\£i{v,w)\ < K{£i{v,v)y^^{£i{w,w)y^^ for all v,w £T 

Lemma 3.3. For u in J-", let u* be given by iS. 3\) . Denote by k the killing measure of 
£ and by K the PCAF associated to k{dx) by the Revuz correspondence. Then we have 
Y'x-a.e for q.e x £ E for any t < oo 

j^u ^ cf^u*^j^u' _ f u*(^Xs)dks+ [ {u-u*){Xs)ds (3.5) 

Jo Jo 

Proof. From the Beurling-Deny decomposition of £, we have that for any h £ J-, 

f \h{x)u*{x)\k{dx) < [£i{h,h)]'^/^[£i{u*,u*)]^/^ 
Je 

thus /q \u*{Xs)\dks is a finite PCAF. Then u*{Xs)dks is an element of and then, 
the right-hand side of (j3.5p belongs to M^. Denote this element by C. The killing part 
E.^'^^ of £ satisfies 

£^^\u\h)= [ h{x)u* ix)k{dx) for any he T 
Je 
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It follows from (1321) that for all h F: 



<Q{C),h> = -£{u*,h) + {u-u*,h) 
= —£{u,h) 

Then (13.51) follows from Lemma 12.31 □ 



3.2 Stochastic integration with respect to '^N^ 

The following lemma is Lemma 5.1.2 and Corollary 5.2.1 of [7] that we recall for reader's 
convenience. In [7] is established for the symmetric case but is also valid for the non- 
symmetric case. 

Lemma 3.4. Let (un) be a sequence of quasi continuous functions inJ^ and £i-convergent 
to u. Then there exists a subsequence {un^} such that for q.e x ^ E, 

^xi'^uki-^t) converges uniformly to u{Xt) on each compact interval of [0,oo)) = 1 

and the same holds for N^"k and N^, and for M^"k and M", replacing Un^{X) and 
u{X) respectively. 

Using Lemma 4.3 of [10] we can obatin the following:: 

Lemma 3.5. Let A" be a sequence of PCAFs. Suppose that ^n{E) converges to zero as 
n — )• oo, where fin represents the Revuz measures of A^. Then there exists a subsequence 
(nfc) satisfying the condition that for q.e. x £ E, 

Pj; converges to zero uniformly on any compact) = 1. 

Lemma 3.6. For every u in F and f in Fh, there exists a unique w in T , such that: 

e{f * M"'^ M^) = £i{w, h), \/h G F. 

Proof For h £ F, [e{f * Af"'^ M^')]'^ < e{f * M"'^)e(M'^''=) < e(/ * M"''=)<fi(/i, h). Since 
e(/ * M"''^) < oo, the functional h — > e(/ * M"'*^, M^) is continuous. □ 

Definition 3.7. For every u in F and f in Fj,, the stochastic integral of f with respect 
to ^iV" denoted by /g /(X,)d^iV]' or by f * "N'^ is defined by: 

f f{XsWN^ := iVr - f w{Xs)ds-l{Mf^',M'''')t,t> 
Jo Jo ^ 

where w is the element of F associated to {u, f) by Lemma 61 



For any u,v £ F, let fJ.%uv> be the signed Revuz measure associated to (M"''^, iW'^). 
We have: ^ij'^^^-^{E) = £^'^\u,v). For f,h in F^ we have (Theorem 5.4 of p^): 

d/^<«,h/> = f^lJ'<u,h> + hdfi%^jy. (3.6) 
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Lemma 3.8. (i) For u in T and f in Tb, we have f * ^N^ G and 

< e(/*"iV"),/i >=< efiV"),//i > forallheFb. (3.7) 

In particular the integral is well defined in the following sense: 

Ifu.v^F are such that =iV" = '=iV^ then for any f £ Tb, f * ''N'' = f * ""N". 

(ii) For {un) a sequence of T E\-converging to u, there exists a subsequence {nj.) such 
that for q.e X £ E: 

Px(/ * ^A^""fe converges to f * ^N"^ uniformly on any compact) = 1 

Proof, (i) / * '^iV" € A/"c because f>\^-^) ^^^sides for any h G Tb, 

<e(/*^iV"),/i> = -e{f*M^'',M^)-^l^h{x)df,%f^^^ 

Then (j3.7p is consequence of (|3.2p and (|3.6p . The second statement is consequence of 
Lemma 12.31 

(ii) Note that for any u, v in T, f * ^7V" - / * ^iV" = / * ^iV"-". Thus we need only to 
show that if (ti„) converges to and f £ Tb, there exists a subsequence (n^) such that 
for q.e x £ E: 

Px(/ * '^N^"k converges to uniformly on any compact) = 1. 

For each n, let Wn be the function associated to {f,Un) by Lemma 13.61 Then for any 
h £ T we have: £i{wn,h)'^ < \\f'^\\oo£i{h,h)£i{un,Un)- In particular, choosing h = Wn, 
one obtains: 

8l{Wn,Wn) < ||/^|loo^l('Un,'Un) ^ aS n ^> OO. 

It follows from Lemma |3 . 41 that there exists a subsequence (n^) such that Pa;-a.e for q.e 
x £ E, N^'^'' — vUn^.{Xs)ds converges to uniformly on compacts. 
Besides: /i^^^^(-E) = £^'^\un,Un), which converges to 0. Hence by Lemma [3.51 there 
exists a subsequence (n^) such that 

converges to on compacts Pa;-a.e for q.e x £ E. □ 
3.3 Stochastic integration with respect to ^N^ 

Denote by {N, H) the Levy system of X. Let X be the Markov process properly 
associated to the Dirichlet form £{u,v) := £{v,u), u,v £ T and {N,Hj^) its Levy 
system. Let uh be the Revuz measure associated to H and let be the Revuz 
measure associated to Hj^ and H be the PCAF of X associated to by the Re- 
vuz correspondence. Let J, J and J denote respectively the jumping measure of £, 
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£ and £, that is, J{dy,dx) = ^A^(x, dy)z^/i-(dx), J(d?/,da;) = ^iV(x, dy)z^j5^(dx) and 
J(dx,dy) = ^[J(dx,dy) + J(dx,dy)]. It is known that J(dy,dx) = J(dx,dy). 
We win use the following notations: 

N(dy,ds) := Af(X„dy)di/„ and 

N(d|/,ds) := ]^{N{XsAy)AHs + N{XsAy)^Hs). 

For any u € J-', denote by M^'^ the jump part of M** (See page 213 of [7j for the 
definition.), this is an element oi M and for all h e T, e(M"'^',M^) = £^^\u,h). With 
the same arguments used to show Lemma 13.61 we can obtain: 

Lemma 3.9. For every u in T and f in J^b, there exists a unique w in T , such that: 

e{f * M"J, M'^) = £i{w, h),yhe T. 

Definition 3.10. For every u in T and f in J^i,, the stochastic integral of f with respect 
to J'iV" denoted by f{Xs)d^Nl' or by f * ^iV" is defined by: 

[' f{X,)dm^ := Nr- f wiX,)ds-l f [ [/(x)-/(X,)]Kx)-n(X,)]N(dx,ds),t >0 
Jo Jo ^ Jo Je 

where w is the element of T associated to {u, f) by Lemma \3. 91 

Lemma 3.11. (i) For u £ T and f € Tb, f * ^ belongs to and for h in T^,: 

< Q{f * ^iV"), /i >=< e(JiV"), //i > . (3.8) 

In particular the integral is well defined in the following sense: 

If u,v in T are such that ^ = ^ N^' , then for any f in F},: f * •'iV" = / * ^ N^' . 

(ii) If {un) is £i-converging to u, there exists a subsequence (n^) such that for q.ex £ E: 

Pa;(/ *-'A^""fc converges to f *^N^ uniformly on any compact) = 1. 

Proof. The proof of (ii) is similar to the proof of (ii) of Lemma 13.81 We prove (i) . 
Clearly / * ^ belongs to and for any h G Tb- 

< @{f*^N'',h) > 

= e{f*M^\M^)-f h{y)[f{x)- f{y)][u{x)-u{y)]J{dxAy) 
JexE\5 

= - I [f{y){h{x)-h{y)} + h{y){f{x)-f{y)}][u{x)-u{y)]J{dx,dy) 
JExE\5 

where 6 := {{x,x) : x G E}. Using the symmetry of J and the fact that J{dx,dy) + 
J(dy,dx) = 2J(d2;,dy), one proves that the right-hand side of the above equation 
coincides with: 
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[hix)fix)-h{y)fiy)][uix)-u{y)]Jidx,dy) = -£^^\u,hf). 

lExE\S 

Then 13.81 is consequence of 13.21 The second statement can be shown in the same way 
that its analogous in Lemma 13.81 (i). □ 



3.4 Stochastic integration with respect to A^" 

In view of the decomposition (|3.5|) we can define the stochastic integral of f{X) with 
respect to N'^ for f G Tf, and u G T as follows: 

Definition 3.12. For any u J- and f € Tb, the stochastic integral of f{X) with 
respect to iV" denoted by f * iV" or by f{Xs)dN^ is defined by 

f f{Xs)dN^ := f fiXM'Nf + f f{XM'Nf 
Jo Jo Jo 

-[ f{Xs)u*{Xs)dks+ [ f{X,){u{X,)-u*{Xs))ds 
Jo Jo 

where the first two integrals are in the sens of the definitions jg. 7| j and i3.10\} respectively 
and the others integrals are Lebesgue-Stieltjes integrals. 

It is clear that for any u in T and / in the stochastic integral / * iV" belongs to Af^ 
and in view of (13.71) and (13.81) we have: 



< e(/ * iV"), /i >=< G(iV"), fh >= -£{u, fh) for ah h G T^,. 

Let {un) be a sequence on F £'i-converging to u € J", it follows from (|3.4p that (u*) 
£'i-converges to u* then thanks to Lemma 13.41 Lemma 13.81 (ii) and Lemma l3.111 (ii) we 
have: 

Lemma 3.13. Let f be a function in J-f, and [un] a sequence on T E\- converging to 
u ^ J-. Then there exists a subsequence [uk) such that for q.e. x ^ E: 

^xif * A^""*-' converges uniformly on any compact to f * N^) = 1. 

Let A be the CAF defined hy At := N^^ — Jq u{Xs)ds, for an element u of J- and let / 
be a function in the stochastic integral of f{X) with respect to A is defined by: 

f*At= [' f{Xs)dAs := f f{X,)dN^- [' f{Xs)u{Xs)ds. 
Jo Jo Jo 

Lemma 3.14. Let u and v be elements of J-, f and g elements of J-^ and G a nearly 
Borel finely open set. Set At := - 'u(X,)ds and Bt := - /q 7;(X,)ds. Suppose 
that f{x) = g{x) for q.e. x £ G and Px {At = Bt, for any t < (t^j^q) = 1 for q.e. 
xeE. ThenPx{f*At = g * Bt, for any t < aE\G) = 1 f^^^ Q-^- ^ ^ 

Proof. It follows from Lemma [2^ that for any h € < Q{A), h >=< @{B), h > then 
< Q{f*A),h >=< e{A),fh >=< e{B),gh >=< Q{g*B),h>. We conclude thanks 
to Lemma 12.31 □ 
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A function / belongs to J-ioc if there exists a sequence (/„) of J- and a nest of nearly 
Borel finely open sets (G„) such that f{x) = fn{x) for q.e. x G G.„. In fact the sequence 
(/„) can be taken in J^^. (See Lemma 3.1 in [2]) 

With the above Lemma and Theorem 12.61 we can define the stochastic integral of f{Xs) 
with respect to C for any / € Tioc and C in Aff-ioc- 

Definition 3.15. Let C be an element of Aff-ioc oind f in J-ioc- Let (Gn) and (un) be 
the sequences of the conclusion of Theorem \2.6\ and (fn) C Tt, such that f{x) = fn{x) 
for q.e. x £ Gn- Set CI' := iVf" - /Qn„(Xs)ds. Then if a := limn^oo<^E\Gn' "'^ 
define the stochastic integral of f with respect to A and denoted by f * Ct,t > or by 
Jq f{Xs)dCs,t > as the following local CAP: 

for t>a. 

Remark 3.16. (i) It follows from Lemma \3.14\ that the above definition makes sense 
and not depend of the sequences C", (/„) nor (Gn)- 

(ii) Any PCAF belongs to Mf-ioc, then with the notation of the above definition, f * G 

belongs to {Aff-ioc) f-ioc = ^f-ioc- 

(iii) Let : M ^ R 6e a function admitting a continuous derivative. For any n € N Zei 
ifn be a function admitting a bounded continuous derivative such that (pnix) = ^{x) 
if \x\ < n. We know that (fniu) — f{0) belongs to T for any u £ T and if 
we set Gn ■= {x : \u{x)\ < n}, (Gn) is a nest of finely open sets. Since u is 
quasi continuous in the strict sense (that is u{Xt) € M as t t 0> 
^E\Gn t Px-o-.s. for q.e. x G E. Therefore for any v G T the stochastic 
integral ip{u) * A^^ = [ip{u) - (^(0)] * N'" + ip{0)N^' is a finite CAF. This hold also 
for ip{ui, . . . , Uk) * N^' for any ui, . . . ,Uk and v in J- and G ([^^(M*^). 



4 Proof of theorem 11.11 

In this section we show that for / € Tioc and G G Mf-ioc, the additive functional f * G 
built in the precedent section satisfies the conclusion of Theorem 11.11 
Without loss of generality, we take in this section to be the canonical path space 
D{[0, oo) — )■ oo) — > E/\ of cadlag functions from [0, oo) to for which w{t) = A for all 
t > ({uj) := inf{s > : w{s) = A}. 

Given u £ {u il. : t < C('^)}) the operator rj is defined by: 



rt{Lj)is) :-- 



u}{{t-s)-) if 0<s<t, 
w(0) if s>t. 



We denote by {Px,x G E} the law of X, the dual process of X. The following Lemma 
can be established using the same arguments as Lemma 5.7.1 in [7]. 

Lemma 4.1. For positive t and every Ft-measurable set T, 

Pn,{rr%t<C) = Pmir,t<C). 
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Lemma 4.2. For any u in T , there exists a unique u ^ J- such that £i{u, h) = £i{h, u) 
for any h in F. If we set: 

:= Nf + / {u{Xs) - u{Xs))ds, t > 

:= uiXt)-u{Xo)-N}', 

then under {Px,x S E), iV" and M" are respectively the CAF of zero energy and the 
MAF of finite energy of the Fukushima decomposition for u{Xt) — u(Xo), t >0. 

Proof. For any n € N set /„ := n{u — nUn+iu). The constant K was introduced in 
(j3.4p . For any h in P and n, m in N: 

£liRlifn-fm),h) = £iih,Riifn-L)) < K{£^{h,h)f'\£^{Ri{fn-L),Rl{L-L))f^- 

In particular, if /i = Ri{fn — fm) we obtain: 

£l{Rl{fn - L),Rl(.fn - fm)) < K^£l{Rl{fn " fm),Rl{fn " fm))- 

It is known that the right hand side of the above equation tends to as n,m tends to 
infinity (See Theorem 1.2.13 in [15]) then there exists -u in J-" such that Rifn converges 
to u with respect to the £'i-norm. Besides, for any h in T: £i{u, h) = hm£'i(i?i/„, h) = 
lim£i{h,Rifn) = £i{h,u). 

Let At be the CAF of zero energy of the Fukusmima decomposition of u{Xt) — u{Xq) 
with respect to Px,x (z E. By taking a subsequence if necessary we have P^-a.e for q.e 
X e E: For ah t > 

At = hm [\u{Xs) - fn{Xs)]ds 

= hm / [u{Xs) - fn{Xs)]ds + [ [u{Xs) - u{Xs)]ds 
'^^^ Jo Jo 



□ 

Clearly belongs to Mj} and: 

< G(iV"), h >= -£{h, u), heF. (4.1) 

Lemma 4.3. Let A he a PCAF with respect to {Px,x G E) and with Revuz measure ji. 
Then under {Px,x € E), A is the PCAF with Revuz measure fi. 

Proof. We suppose without loss of generality that fi & Sq. Let u = Uifi and v := Uifi 
be the 1-potentials of /i with respect to £ and £ respectively. Let A be the PCAF with 
respect to {Px,x S E) and with Revuz measure fi. For any h in F, £i{h,u) = £i{v,h) 
then with the notation of Lemma l4.lt v = ii. It follows from Theorem 12.11 that Px-a.e. 
for q.e x £ E: 

At = -N^+ [ v{Xs)ds = -N^- [ [u{Xs)-v{Xs)]ds+ [ u{Xs)ds 
Jo Jo J 

ft 



-iV" + / u{Xs)ds = At. 
Jo 
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□ 

The following Lemma can be found in [[5], Lemma 3.21] for symmetric diffusions. 
Lemma 4.4. Let u he in T . For any t <T we have Pm.-CL.e. on {T < (^}: 

Ml" orr = M^orr- Mt-i ° ^T-t- 

Proof. Define u and (fn) as in Lemma 14.21 P^-a.e. and by taking subsequences if 
necessary we have: iV" = lim„^oo /q [^(^s) ~ fn{Xs)]'is, thus in view of Lemma HTTl we 
have Pm-a.e on {T < (}: 

ft 



N^orT = lim / KX,)-/„(X,)]dsorr 

= hm / \u{X,) - A(X,)]ds - lim / \u{X,) - A(X,)]ds 



The second equality can be shown with easy computations using the first one. □ 

Remark 4.5. The firs equality in Lema \4^\ is in fact true for and therefore for the 
elements in Nf-ioc, in particular for any PCAF. 

Similarly to [2] , the proof of Theorem 11.11 is based in an extension of the Lyons and 
Zheng decomposition [14], that is, in a representation of iV" using forward and backward 
MAF. We recall that for u in J-", u* was defined as the unique element of J- satisfying 



Lemma 4.6. Let u he in and T in Set v := u* . Then we have Pm-a-e on 

{T < C}: 

= -^{M^ + o rt) + ^{v{Xt) - v{Xt^)) + Jj^iXs) - v{Xs)]ds, t < T. (4.2) 

Proof. In view of Lemma [4. 4 1 the right hand side of (j4.2p coincides Pm-a-e- on {T < (^} 
with A, where for all t<T, At := ^{N^ + N^) + Jq[u{Xs) - v{Xs)]ds. It follows from 
(fO) that < @{A), h >= -£{v, h) + (u, h) - {v, h) = -£{u, h), for all h £ T. Now, 
is consequence of Lemma 12.31 □ 

Lemma 4.7. Let {N^)£^-^ he a sequence of elements of G Mcj-ioc let (n„) he a 
sequence of partitions tending to the identity. Then there exists a suhsequence (n„^. ) of 
(n„) such that Pjj-a.s. for m-a.e x in E we have: For all i €N, 



[N\t A tn^^k+i) - N{t A 



converges to zero as n ^ oo, uniformly in any compact of [0, oo) 
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Proof. Let g he a function belongs to L^{E,m) such that < g{x) < 1 for ah x G E. 
For any t G M+ set a„(t) := sup{tn,A: : tn,k < t}. For ah n,£,K € N, r/ > 0: 

/ Pn-i \ 

Pg.m, sup V [N^{t A - 7V^(i A tn,k)f > V (4-3) 

V^^ t^O J 

< -E„ ( ^ [Af^(K A t„,fc+i) - A^^(K A 

k=0 J 

t<K ^ j 

Since iV^ € A/'c, the last term in the above equation converges to zero as n — t- oo. (See 
(5.2.14) in [7]). For ah n, K G N and r/ > let a{n,i,K,rj) be the left hand side of 
(fOI) . Then for all rj > 0: 

I3{n,r]) := ^ -^^ainj, K,-!]) ^ as n oo. 

For any j G N take nj such that (3{nj,j~^) < Then for any j,^,K G N, 

a{nj,i,K,j~^) < i'^K'^j~'^ therefore, it follows from Borel-Cantelli that for all i,K, 

Z^fc=o W^i't ^ inj,k+i) — N^{t A tnj,fc)]^ converges to zero as n — oo uniformly on [0, K] 

Proof of Theorem As usually, the uniqueness in the Theorem is the following sense: 
two local AF A, B are equivalent if Y'x{At = Bt,t < Q = 1 for q.e. x E. Evidently if 

and are two local AF satisfying the conclusion of Theorem then, Fx{It — 
= 1 for m-a.e x (z E. We can show that this hold for q.e. x G -E using an argument 
of the proof of proposition 4.6 in [2]. 

Now we shall proof that the stochastic integral f(Xs)dCs of the precedent section 
satisfies the conclusion of Theorem. Let {un}, {fn^ ^-iid {Gn} be a sequence of T, Tb 
and H respectively such that Ct = C" := N]^" — n„(Xs)ds on [[0,rG„[[ Pm-a-e. and 
f = fn q-e. on Gn. (Theorem 12. 6p . For each n set Vn ■= u*^. In order to simplify the 
notation let be M^" and in the same way define iV" and M". For all i < T set 
an{t) = sup{t„,fc : tn,k < t} and set: 

Pn-l Pn-1 
Xt ■= X] ^(*".fe)l{tn,fe<t<tn,fc+l}' ^" •= XI ^(*'^.*^ + l)lOn,fc<i<in,fe + l} ^nd 

k=Q k=0 

Pn-1 

Z^{t) := Yi^_,orT=Y^X{T-tn,k+i)l{T-t,^,,^,<t<T-t,^,,}. 

k=0 
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In view of (j4.2p and Lemma 14.41 we have for any ^ € N: 



Pn-l 

E 

k=0 
1 



feiX{tn,k))[C itn,k+l At) - A t)] 



(4.4) 



- [fi{X{tn,k+l)) - fi{X{tn,kmViiX{tn,k+l A t)) - V,{X{tn,k A t))] 



k=0 



+^fi{X{an{tmMXt) - veiXt-)) 



- [MX{tn,k+l)) - fe{X{tn,k)m\X{tn,k+l A t)) - N\X{tn,k A t))]. 

converges in P^.^-measure 



k=0 



In view of Lemmas 14.11 and 14.71 the right hand side of 
on {T < C} to: 



^ Jo ^ Jt JO 

-i[M/^M^] + ^f,{t-)iveiXt) - ve{t-)). 



fe{Xs)vi{Xs)ds 



(4.5) 



Besides, if U£ = Rih for some h in L'^{E,m), the left hand side of ()4.4p converges in 
Pg.m-measure to Jq fi{Xs)dCg. Therefore, for the general case, by approximating for 
a suite {Rih^) with respect to £i, it follows thanks to Lemma [3. 41 and Lemma [3.131 that 
I^{t) coincides with /f(Xs)dCf Pg.m-a.e on {T < (}. 

In order to prove the Theorem with need to show that there exists a subsequence of (n„) 
such that Pg,m-a.e. we have: For any £ € N, the first five terms in the right hand side 
of (|4.4p converge to the corresponding terms of the right hand side of ()4.5p uniformly 
on any compact of [0, C) and the last term in the right hand side of ()4.4|) converges to 
zero uniformly on any compact of [0, C)- 

We must show only the existence of such subsequence of (n„) for the second term in 
the right hand side of ()4.4p . The existence of such subsequence for the other terms can 
be shown using standard results in the semimartingale theory and the arguments used 
to show Lemma I^TTl (See e.g. chapter II in [H]). 
For any n, ^ G N and r/, T > set: 



a{n,£,T,r]) :-- 



m sup 

\ t<T 



{f,{ZJ^{s))- f,{X,))dMiorT 



>v;T<C 



sup 

, t<T 



T 



{h{Z^{s)) - h{Xs))dMi 



>v;T<C 



Using the Doob inequalities we have: 
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ain,i,T,7]) < Pr 



{h{ZJ^{s)) - h{Xs))dMi 



>i;T<C 



+Pm sup 

\t<T 
T 







>^;T<c 



< ^E^^ mZf{s))-feiX,)rd{M'),-T<C 



In view of Remark 14. 5| Pm-a-e on {T < 



{MZ^{s))-h{X,))^d{M'),orT 



ifeiVn - h{Xs)?d{M'), 



T-s 







< / e-\h{Y^)-h{X,)Yd{M'), 
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Let /i be the Revuz measure of (M^), it follows from Lemma [4. 3 1 that fJ.{E) = 2e(M^) < 
oo where e denote the energy with respect to (P^, x (z E). Therefore we have: 



e-'d{M^ 



lim E^ 







< lim e~^xfi{E) + lim / e~'^sdsfi{E) 

X^OO X-^QO Jq 

= fi{E) < oo. 



Since fg is quasi-continuous in the strict sense, fiiXl^) converges to fe{Xt) uniformly on 
M+, Pm-a-e. Therefore by dominated convergence we have: 



fSinJ) :=E, 



e-'{MYr)-fi{X,)fd{M'), 



as n oo. 



For any j € N let n,- such that: 



oo 

Since for all ri,T > 0: a{n,l,T,r]) < ^e^l3{n,i) we have that a{nj,i,T,j^^) < -^e^ 
VT > 0. It follows from Borel-Cantelli Lemma that for any T,i: Pm(^^ \ i^T/) = 
where: 

nT,e := {C<T}U 

1^ {fe{Z'^'{s)) - /^(X,))dMf ^ uniformly on any compact of [0,r];r < c| ■ 
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then Pm(^ \ ^*) = where fi* = Ot^q^ e^n ^T,e- It is easy to show that for w G $7*, 
Jq (/^(Z^-' (s)) — /£(Xs))dMf converges to zero uniformly on any compact of [0, C{^))- ^ 

Example 4.8. In this exemple we show that the stochastic integral constructed by 
Chen et al. [2] for symmetric Dirichlet forms can be defined in the sense of Definition 
I3.15[ Moreover both definitions coincide Pm-a.e. [[0,C[[. We use the notations and 
definitions of [2], thus A is a linear operator that maps some class of local MAF's into 
even local CAF's admitting m-null set. Let M be a locally square-integrable MAF on 
[0, C[[ that belongs to the domain of A. We see from the proof of [[2], Theorem 3.7 and 
Lemma 3.2] that there exists a nest {F^} of closed sets such that Pm-a.e. on [0, Tir^J: 

A(M) = A(M^) + + (4.6) 

where M'' e M, A is a CAF of bounded variation and L'^ € (A4;oc)''°'''^- With a 
refinement argument used in the proof of [[2], Lemma 4.6], one checks that A(M) is a 
local CAF of X. Denote by (B the set of CAF of X of finite energy. In view of [[2], 
Proposition 2.8] the right-hand side of (14. 6p belongs to (Bf-ioc, hence A(M) belongs to 

{^f-loc)f-loc = ^f-loc- 

By [p], Theorem 3.7], A(M) is of zero quadratic variation in the sens of Definition 12.51 
Then A(M) belongs to Aff-ioc and therefore the integral / * A(M) is well defined for any 
/ e Tioc- 

The stochastic integral defined in p] can be approximate in some sens by Riemann sums. 
(See [[2], Theorem 4.4]). Consequently, thanks to Theorem 11.11 the integrals / * A(M) 
given by [2] and Definition 13. 151 both coincide Pm~ 

a.e. on [0, C[[ for any / G J^, and 

therefore for any / G J^ioc- 

5 Proof of Proposition 11.21 and Theorem 11.31 

Proof of Proposition From the proof of Lemma 1.1 in [2^, there exist sequences 
(un), (ffn) in and nest of nearly Borel finely open sets (Gn) and (Qn) such that for 
any n: u{x) = n„(x) q.e. on G„, G„ C Qn, 9n{x) = 1 q.e. on G„, gn{x) = q.e. on E\Qn 
and llffn lloo < 1- Moreover, there exists a sequence of positive numbers (e„) converging 
to that the following limit define and element in f&[ f-ioc, where the convergence is 
uniformly on any compact of [0, Q P^-^-^- for q.e x & E. 

■= }^Y.^u{Xs) - u{X,.)]l{,^^i^^(^Xs)\<i} 

s<t 

~l I he^<\u{y)-u{Xs)\<i}[u{y) -u{Xs)]N{Xs,dy)(^Hs, t <c. 

Jo JE 

Besides, it is known that Mf := M^"''' if t < rg^ define a local CAF in M f-ioc- Then 
set W = M^^ - We shall proof that C" G J\fc,f-ioc, where: 

Cr := uiXt) - u{Xo) - Y^HXs) - n(X,_)]l|jA..(x.)|>i} - W^", t < C- 

s<t 
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For any £ € N, by taking a subsequence of (e„) if necessary we have that P2,.-a.e. for 
q.e. X G E: For all t < tq^-, 



Ct - - f ue{Xs)N{Xs,A)dHs 
Jo 



Je 



^{sn<Hy)-u(Xs)\<i}Hy) - u{Xs)]N{Xs,dy)dHs 

- f f ^{en<\ui{y)-ui{Xs)\<i}[My) -MXs)]N{Xs,dy)dH, 

Jo Je 

lim ( / / gi{Xs)l{e„<\u(y)-u{Xs)\<i}Hy) -u{Xs)]N{Xs,dy)dHs 

ge{Xs)l{e^<:\ue(y)-ue(x,)\<i}[My) " ue{Xs)]N {Xs, dy)dH, 
l{|«(s/)-M{x,)|<i}bK?/) - 9i{Xs)][u{y) - u{Xs)]N{Xs,dy)dHs 



t 

Je 



je 

t 



Je 

t 



JE 

+ / / ^{\ue{y)-ui{Xs)\<i}[9e{y) - 9e{Xs)][My) -ueiXs)]N{Xs,dy)dHs. 
Jo Je 

and the last term belongs to Mf-ioc, in fact, for t < tq/- 
ft f 

^{\u{y)-uiXs)\<i}\9i{y) - 9e{Xs)\\u{y) - u{Xs)\N{Xs,dy)dHs 
'^{\uiy)-u{Xs)\<i}9e(.Xs)\gi{y) - ge{Xs)\\u{y) - u{Xs)\N{Xs,dy)dHs 

< f [ [ge{Xs)-ge{y)fN{Xs,dy)dHs 
Jo Je 

gi{y)\gi{y) - ge{Xs)\\ue{y) - ue{Xs)\N{Xs,dy)dHs 

JE 

< oo. 

Therefore e (Aff-ioc) f-ioc = ^ff-ioc □ 

Proof of Theorem \1.3[ Thanks to Theorem ll.H the Ito formula can be proved up to C 
with the same argument used to prove the generalized Ito formula of [2]. (Theorem 
4.7. of [2]). When u £ J- all terms in the decomposition of Theorem 11.21 are finite 
AF. Moreover = N}^ - Jo JEhHx.yuiy)\>i}Hy) - u{Xs)]NiX,,dy)dHs, then it 
follows from Remark 13. 16[ (iii) that the stochastic integrals Jq ^{u{Xs))dCg are finite 

AF. Besides W"^ belongs to and therefore the integrals Jg ^{u{Xs))dWg are also 
finite AF. Therefore, when u G J-" all terms present in the Ito formula are finite AF, 
then the Ito formula can be extended from [0, Q to [0, oo). □ 
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